MPI - Lecture 7

Outline
e Constrained optimization
e Reminder: integration of functions of 1 variable
e 2-variate function integration
Constrained optimization
Motivation
Find the maximum and minimum points when walking along the black line:
The problem



Let f: R" - R.

Find (local) maxima and minima of f subject to
gi(x1,x2,...,xn) = 0
g2(x1,22,...,2,) = 0
gp(x1,22,...,2) = 0.

Set G = {(x1,22,...,2,) € R" | gij(x1,22,...,2) =0, i =1,2,...,p}.

Assumptions

1. The functions f and g;, with ¢ = 1,2,...,p, have continuous second
partial derivatives.

2. The gradients Vgi(x),Vga(z),...,Vgy(x) form a linearly independent
set for all x € G.

Example 1. Are the gradients of the following functions linearly independent?
gi(z,y) =2z +2y?,  ga(w,y) = dx + 2ay?,
g3(z,y) = 2z + 497, ga(w,y) = 2z + 3wy® + 4y°.

Running exam-

fly)=z+y, G={(z,y) eR*:2?+y*> =2} ple
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Necessary con-

dition
Theorem 2. Assume f has a local extremum in x* = (z7,...,x)) € G subject
to G.
Then there exist numbers uj,. .. ,u; such that the Lagrangian function L
given by

p
L(xi,...oTp, i1, fp) :f(acl,...,xn)—i—Zuigi(a:l,...,mn)

i=1
has zero partial derivatives with respect to x1,...,x, at the point x*.
In other words, the following system is true:
of g1 99p
@) i (@) + e s @)
of g1 99p
) @)+ o i a”)

Sufficient condi-
tion

Theorem 3. Let z* = (27,...,2;,) € R" and p* = (u3,...,1,) € R? such
that



(i) the Lagrangian function L(x1, ..., T, 11, .., p) has zero partial deriva-
tives with respect to x1,...,x, at the point (x*, pu*) € R"*?;
(ii) the Lagrangian function L(z1,...,Tpn, [, ..., [p) has zero partial deriva-

tives with respect to pu1, ..., ju, at the point (z*, ) € R"P;

(iii) for all non-zero y € R™ satisfying y - Vgi(x*) =0 fori =1,2,...,p we
have

p
Yy (VQf(a:*) + Z@ng(x*)) y' > 0.

i=1

Thus, the function f has a strict local minimum at x* (subject to G ).

If we replace in (7ii) the condition “> 0” by “< 0”, we obtain a sufficient
condition of a strict local maximum.

Example 4. Find mazima and minima of f(z,y) = x4y subject to z* +y* =
2.

Example



Integration of functions of 1 variable

Integration  of
functions of 1

Let f:R—Rand a <b. variable

b
Recall what does / f(z) dz mean, if it exists.
a

What is its geometrical meaning?

b
/ f(x) dx measures the signed area accumulated by f between a and b.
a

Lebesgue
integral -
measurable sets

Contrary to Riemann’s integral, instead of cutting the interval into "thin"
vertical pieces, we group points where f has the same value.

This allows us to integrate functions with many discontinuities (provided
the relevant sets can be measured).

A set A is measurable if we can assign a well-defined length u(A) (e.g.,

p(A) = [A]).
Finite or countable unions of intervals (and their complements) are mea-
surable.

A function f is measurable in A iftheset {x € A : f(z) > t} is measurable
for every t € R.

Lebesgue inte-

gral - simple
A non-negative function s is simple if takes only finitely many values functions
N
s(@) =3 e xa,@)
i=1
for ¢; > 0 and Ay, Ao, ..., Ay pairwise disjoint measurable sets.
n
In this case, if [a,b] = |_| A;, we define
i=1
b N
/ s(z)dx = Zci - p(Ay).
a i=1
Lebesgue

integral -
definition



For a measurable function f: [a,b] — [0, +00] we define

b b
/ f(x)dxzsup{/ s(z)de : 0< s < f, ssimple}.

If f:[a,b] = R,

[ rwar= [ rFwe - [ e

(if both terms are finite), where f(z) = f*(z) — f (x), with

fT(x) = max(f(x),0) and [~ (x) = max(0, —f(z)).

b
If / f(x)dx < oo, we say that f is Lebesgue integrable.
a

Lebesgue in-
tegral - A few
properties

If f is continuous on [a, b], then it is integrable on [a, b].
b
Linearity: / a-flx)+6-g / f(z)dz + ﬂ/

Monotonicity: if f < g almost everywhere, then / f(x)de < / g(x) dx.
a

If fis 1ntegrable on [a,b] and on [b, c], then it is integrable on [a, c| and
Primitive func-

/f dx—/f dx—i—/f )dz.

Let F(z) be a real function, continuous on [a, b] and differentiable on (a, b).

Let f(z) be a real function, continuous on (a,b) and such that

Vz € (a,b), F'(z)= f(z).

Such function F' is called a primitive function of f on (a,b).

Example 5. Find a primitive function on (0,1) of the function f(z) = 2z+x.



Fundamental
Theorem of
Calculus

Let f be integrable on [a,b] and F'(x) be (one of) its primitive function on

(a,b).
We have

b
/ f@)de = [F@) = F(b) - Fla).

1
Example 6. Calculate / (2z + 2?) du.
0

Substitution

Let «, 8 € R such that a < §.

Let ¢ be a real function differentiable on (c, 3) such that ¢ and ¢ are
both continuous on [a, J].

Let f be continuous on [¢(a), p(5)] (if ¢(a) < ¢(B), otherwise continuous on
[2(B), (a)])-

If f(p(t))-¢'(t) is integrable on [, 3], then

B ©(B)
/ Fo(®) - 1/ (B)] dt = / f(z) d.

o(a)

2 921n(¢)?
n(t)” 4.

Example 7. C’alculate/
1

Integration by
parts

Let f and g be differentiable on (a,b) and let f,g, f’, ¢’ be continuous on
[a, b].
We have

b b
/ (@) - g(z)dz = [f(x) - g(2)]; —/ f(@) - g'(z)da.

2
Example 8. C’alculate/ 10z In x dz.
1



2-variate function integration

2-variate
function

Suppose we have a function f : D — [0, +o0], where D C R? is measurable.
Imagine that this function represents (part of) a surface of some object.
The point z = f(z,y) describes the height above the point (z,y).

The integral / f(x,y)d(z,y) is the volume under the surface.
D

2-variate simple

functions
A non-negative simple function s on a measurable set D C R? has the
form
N
S(:L‘vy) = Zci : XAi(xa y)
i=1
for ¢; > 0and A; C D.
In this case,
N
[ step)dey) =Y e,
D i=1
with, e.g., 11(A) the area of A.
Lebesgue
inte:gral in 2
For a measurable function f: D — [0, +00] we define variables
/ f(z,y)d(z,y) = sup {/ s(x,y)dp - 0<s< f, s simple} :
D D
If f: D - R, weuse f = fT — f as in dimension 1, and say that f is
Lebesgue integrable if
[ 1wy <.
D
Fubini’s
Theorem

Theorem 9. If f is integrable over D = [a,b] X [¢,d], then

/Dfu,y)d(:c,y) - /ab (/Cdﬂx,y)dy) dr = /Cd (/:f(:c,y)dx> ay.



Example 10. Calculate the double integral over D = [0,2] x [—1,2] of the
function f(x,y) =y + 1.

And if D is not
a rectangle?

If D is measurable, we can extend the function by zero outside of D:

/ffcy (z,y) /fwy xp(z,y)d(z,y).

Special types of
domain D (1/2)

We will consider the following two types of the domain D.

o (type 1) x € [a,b] and y is bounded by continuous functions ¢ (z) and
p2(x);

e (type 2) y € [¢,d] and x is bounded by continuous functions 1 (y) and
V2 (y).

Y Y
(type 1) (type 2)
Y= pa(2)

= ¥a2(y)

95 =1(y)

Special types of
domain D (2/2)

Double integrals over such D are calculated as follows.

Theorem 11. If the integral on the right side exists, then we have (for such
a domain D):

e if D is of type 1, then

|| e = | b ( L (()) 1, y)dy> da



10

e if D is of type 2, then
d P2(y)
d = dx | dy.
|| e = | ( [ ey ) y

Example

Example 12. Let D be the region given by the triangle with vertices (0, 1),

(0,2) and (3,0). Calculate
T+
J| 5w,
D




