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Representing infinite words on cellular automata Cellular Automata

Game of Life
John Horton Conway (1970)

• A dead cell with 3 living neighbors comes back to life;
• A living cell with 2 or 3 alive neighbors remains alive; otherwise it dies;
• All other cells don’t change.

t t + 1 t + 2
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Representing infinite words on cellular automata Cellular Automata

Elementary (1-dimensional) Cellular Automata

t
t + 1

k

〈k, t + 1〉 = 〈k − 1, t〉+ 〈k + 1, t〉 (mod 2)
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Representing infinite words on cellular automata Cellular Automata

Cellular automata
Definition

A (1-dimensional) cellular automaton is a dynamical system (A,T ), where T : AZ → AZ,
is defined by a local rule τ : A2r+1 → A (r is the radius).

Elements of AZ are called configurations. A configuration x = (xk)k is finite if {k : xk 6=
0} is finite.
The space-time diagram of a CA is a subset of AZ×N.

τ : ∗ ∗ ∗ ∗ ∗a∗ 7→ a

. . . . . .
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Representing infinite words on cellular automata Cellular Automata

Cellular automata
Linear CA with memory

Definition

A cellular automaton with memory d is defined by T : (Ad)Z → AZ.
When A = {0, 1, . . . , p − 1} and T is linear (i.e., the local rule can be written as
τ((xi )−r≤i≤r ) =

∑r
i=−r αixi ) we call the automaton linear.

〈t + 2, k〉 = 〈t + 1, k − 1〉+ 〈t, k〉+ 〈t, k + 1〉 (mod 2)
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Column representation

x0

τ : , .
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Representing infinite words on cellular automata Cellular Automata

Column representation

Question:
Which infinite sequences can be represented on a column of a cellular automaton?

More formally: given

S =
{
(T n(x)0)n≥0 ∈ A

N : T is a 0-quiescent CA on AZ and x is finite
}

determine whether w ∈ S (and if yes construct the CA).

A Cellular Automaton T is 0-quiescent if T (0Z) = 0Z = · · · 000 · · · .
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Representing infinite words on cellular automata Cellular Automata

Column representation

Theorem

The characteristic function 1P of the set of prime numbers is in S.
• P.C. Fisher (1965), 30.000+ states;
• I. Korec (1997), 11 states.

1P(x) =

{
1 if x is a prime,
0 otherwise.
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Representing infinite words on cellular automata Cellular Automata

Signals
communication space-time diagram

The slope of a signal is the ratio t
`′−` .

slope 1 slope 1/2 slope −3 vertical signal
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Representing infinite words on cellular automata Cellular Automata

Walls

`

t
t + 1

`

t
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Representing infinite words on cellular automata Automatic sequences

Automatic sequences
Definition (actually Theorem by A. Cobham [1972])

An infinite word u = (un)n≥0 is k-automatic if and only if there exists a DFAO
(Q, q0, {0, . . . , k − 1}, δ,A, ω) such that for all n ≥ 0, we have

un = ω (δ(q0, ρk(n)))

where ρk(n) is the base-k representation of n.

0 1

0
1

0

1

t = 01101001100101101001011001101001100110011010 · · ·
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Representing infinite words on cellular automata Automatic sequences

Representation of automatic sequences
Powers: 2n [Mazoyer, Terrier (1999)]

1{2n} = 0110100010000000100 · · ·

0 1 0

0 0

1 1

0, 1

0
1
2

4

8

16

0−1
slope 3 = 2+1

2−1 slope 1 slope −1
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Representing infinite words on cellular automata Automatic sequences

Representation of automatic sequences
Powers: 3n [Mazoyer, Terrier (1999)]

1{3n} = 0101000001000000000 · · ·

0

0

1

0

1

2

0, 1, 2

1, 2

0

0
1

3

9

0−1
slope 2 = 3+1

3−1 slope 1 slope −1
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Representing infinite words on cellular automata Automatic sequences

Representation of automatic sequences

Theorem [Litow, Dumas (1993)]

Let p be a prime number. Every column of a linear CA over {0, . . . , p − 1} (with finite
initial configuration) is p-automatic.

Theorem [Rowland, Yassawi (2015)]

Let p be a prime number and q = pm.
A sequence of elements in {0, . . . , q − 1} is p-automatic if and only if it is a column of a
spacetime diagram of a linear cellular automaton with memory over {0, . . . , q− 1} whose
initial conditions are eventually periodic in both directions.
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Francesco Dolce (ČVUT) G2OAT Praha, 11.04.2022 14 / 31



Representing infinite words on cellular automata Other sequences

Representation of non-automatic sequences
Squares [Poupet, Sablik, Theyssier (2011)]

0
1

4

9

16

25

−1 0 2

slope 1

slope −1
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Representing infinite words on cellular automata Other sequences

Representation of non-automatic sequences
Sum of squares [Marcovici, Stoll, Tahay (2018)]

0
1

5

14

30

−1 0 2
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Representing infinite words on cellular automata Other sequences

Representation of sequences

• (kn)n,
• (nk)n,
• (
∑n

i=0 i
2)n,

• (2(n!))n,
• · · ·

Theorem [Mazoyer, Terrier (1999)]

Let (Sn)n≥0 be an integer sequence defined by Sn+p =

p−1∑
i=0

aiSn+i , where p, ai ∈ N (or Z

with some extra hypotheses). Then 1{Sn} ∈ S.

• S + S ′, 2S , 5S + 4S ′, . . .
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Representing infinite words on cellular automata Sturmian words

Sturmian sequences

Definition

An infinite word w is Sturmian if it has exactly n+1 distinct factors of length n for every
n ≥ 0.

If both sequences aw and bw are Sturmian, we call w a characteristic Sturmian word.

Example (Fibonacci)

f = abaababaabaababa · · ·

L(f) = { ε︸︷︷︸
1

, a, b︸︷︷︸
2

, aa, ab, ba︸ ︷︷ ︸
3

, aab, aba, baa, bab︸ ︷︷ ︸
4

, aaba, abaa, abab, baab, baba︸ ︷︷ ︸
5

, . . .}
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Representing infinite words on cellular automata Sturmian words

Sturmian sequences
Mechanical words

a a a a a a a ab b b b b b
θ

Remark: Characteristic Sturmian words correspond to balanced irrational mechanical
words with intercept equal to the slope.
Let cα denote the unique characteristic Sturmian with slope (and intercept) α.
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Representing infinite words on cellular automata Sturmian words

Sturmian sequences
Continued fraction expansion

The continued fraction expansion of θ ∈ R is defined as [c0, c1, c2, . . .] whenever

θ = c0 +
1

c1 +
1

c2+
. . .

with c0 ∈ Z and ci ∈ Z+ for every i > 0.

Theorem

If θ is a positive irrational, its continued fraction expansion is unique.

If θ is a quadratic irrational, its continued fraction expansion is eventually periodic.

e = [2, 1, 2, 1, 1, 4, 1, 1, 6, . . .] , π = [3, 7, 15, 1, 292, 1, 1, 1, 2, . . .]

ϕ =
1 +
√
5

2
= [1] = [1, 1, 1, . . .].
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Representing infinite words on cellular automata Sturmian words

Sturmian sequences
Continued fraction expansion

Theorem

Let α be an irrational number, 0 < α < 1 having continued fraction expansion α =
[0, d1 + 1, d2, d3, . . .]. Then cα = lim

n→∞
wn, where

w−1 = b, w0 = a, and wn = wdn
n−1wn−2 for every n ≥ 1.

Example (Fibonacci, θ = [0, 2, 1])

f = cθ = abaababaabaababa · · ·
Indeed w−1 = b, w0 = a, and

• w1 = ab

• w2 = aba

• w3 = abaab

• . . .
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Representing infinite words on cellular automata Representation of Sturmian words

Representation of Sturmian sequences

Theorem [Dolce, Tahay (2022)]

A Sturmian word with quadratic slope can be represented as a column in the space-time
diagram of a one-dimensional cellular automaton.
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Representing infinite words on cellular automata Representation of Sturmian words

Representation of Sturmian sequences
Step 1: Prefix lengths

Proposition

Let (dn)n≥1 be an eventually periodic integer sequence, d1 ≥ 0, di > 0 for every i ≥ 2.
Let (Sn)n≥0 be the integer sequence defined by

Sn = dnSn−1 + Sn−2

for every n ≥ 0, with S−1, S0 > 0. Then 1{Sn} ∈ S.
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Representing infinite words on cellular automata Representation of Sturmian words

Representation of Sturmian sequences
Step 1: Prefix lengths - Proof 1/2 (dn+1 = 1)

Sn

Sn+1

0 Sn−2 Sn−1 Sn Sn+1

slope 1 slope −1 slope 1
dn

slope 1
dn+1 vertical signal

Francesco Dolce (ČVUT) G2OAT Praha, 11.04.2022 24 / 31



Representing infinite words on cellular automata Representation of Sturmian words

Representation of Sturmian sequences
Step 1: Prefix lengths - Proof 2/2 (dn+1 6= 1)

Sn

Sn + Sn−1

Sn + dn(dn+1 − 1)Sn−1

dn+1Sn

Sn+1= dn+1Sn + Sn−1

0 Sn−2 Sn−1 Sn−1 + Sn−2 Sn Sn + Sn−1 Sn+1

slope 1

slope dn(dn+1 − 1)

slope dn+1 − 1

slope
dn(dn+1−1)

dn+1

slope 1− dn+1

slope
dn+1−1

dn+1

slope −1

slope 1
dn

vertical signal
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Representing infinite words on cellular automata Representation of Sturmian words

Representation of Sturmian sequences
Step 2: Prefixes

Proposition

Let (wn)n≥−1 be defined by

w−1 = b, w0 = a, and wn = wdn
n−1wn−2 for every n ≥ 1

where (dn)n is eventually periodic, with d1 ≥ 0 and di > 0 for every i > 0.

Then w = lim
n→∞

wn ∈ S.
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Representing infinite words on cellular automata Representation of Sturmian words

Representation of Sturmian sequences
Step 2: Prefixes - main idea of the proof

a

a

0 m

t

t +m

a

a

0 m

t

t +m
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Representing infinite words on cellular automata Representation of Sturmian words

Representation of Sturmian sequences
Example: Fibonacci 1/2

0
1
2
3
5

8

13

21

34
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Representing infinite words on cellular automata Representation of Sturmian words

Representation of Sturmian sequences
Example: Fibonacci 2/2

1
2
3
5

8

13

21

34

b

b

b

b

b

b

b

b

b

a

a

a

a
a

a

a
a

a

a

a
a

a

a
a

a
a

a

a

a

a

b

b

b

b

w4

w4

w5

w5

w5

w6

w7

w8
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Representing infinite words on cellular automata

Question:
Is it possible to generalize to larger alphabets (Arnoux-Rauzy, dendric, etc.)?

Idea:
Every Sturmian word w can be written as

w = lim
n→∞

ψ0ψ1 · · ·ψn

(
w (n)

)
where w (i) is a word and (ψi )i ∈ {G ,D}

N (infinitely many of each), with

G =

{
a 7→ a

b 7→ ab
and D =

{
a 7→ ba

b 7→ b
.
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