Journey to the Words

or IETs: from Symbolic Dynamics to Combinatorics on Words
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Interval exchanges
Let (I,),., be an ordered partition of an interval.

An interval exchange transformation (IET) is a map T defined by

Tz)=z+T1, if z€1,

I, I, I, I,
@) O O O O
o0 T l
O O @) O O
T(I,) T(I.) T(1,) T(1,)
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Interval exchanges
Let (I,),., be an ordered partition of an interval.

An interval exchange transformation (IET) is a map T defined by

Tz)=z+T1, if z€1,

I, I, I, I,
® @ @ @ O
-
@ @ @ @ O
T(1,) (1) T(1,) (1)
A={a<b<c<d} w:(: IC) ; 3)
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Minimality and regularity

T is minimal if every orbit O(z) = {T™(z) |n € Z} is dense in the interval.

T is regular if the orbits of the non-zero formal discontinuities are infinite and disjoint.

Theorem [Keane (1975)]

A regular interval exchange transformation is minimal.

Example (the converse is not true)
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Trajectories
Natural coding

The trajectory of z under T is the infinite word Q1.(z) = wow, -+ € A%, defined by

w, =a if T (z)eI,.

Example (Fibonacci)
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Trajectories
Natural coding

The trajectory of z under T is the infinite word Q1.(z) = wow, -+ € A%, defined by

w, =a if T (z)eI,.

n

Example (Fibonacci)

Qr(z) =01
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Trajectories
Natural coding

The trajectory of z under T is the infinite word Q1.(z) = wow, -+ € A%, defined by

w, =a if T (z)eI,.

n

Example (Fibonacci)
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. T(1) ~ T(0) ®
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Trajectories
Natural coding

The trajectory of z under T is the infinite word Q1.(z) = wow, -+ € A%, defined by

w, =a if T (z)eI,.
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Example (Fibonacci)
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Trajectories
Natural coding

The trajectory of z under T is the infinite word Q1.(z) = wow, -+ € A%, defined by

w, =a if T (z)eI,.

n

Example (Fibonacci)

T?(z)

Qp(2) = 01001
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Trajectories
Natural coding

The trajectory of z under T is the infinite word Q1.(z) = wow, -+ € A%, defined by

w, =a if T (z)eI,.
Example (Fibonacci)
T°(2) T (2)

Qr(z) = 010010
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Interval exchange languages

The set £(T) = U L (Qr(2)) is a (minimal, regular) interval exchange language

z

Remark. When T is minimal, £(Q2(z)) does not depend on the point z.

Example (Fibonacci)

0 1
@ @ O
T (
@ @ O
T(1) T(0)
£(T) = {5, o,1,00,01,10,001, 010, 100, 101, 0010, }
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Dendfric languages

Theorem [Berthé‘ De Felice, D., Leroy, Perrin, Reutenauer, Rindone (2015)]

Regular interval exchange languages are dendric.

Example (Fibonacci, £ = {¢,0, 1, 00,01, 10,010, 100, 101, ...})
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Ordered dendric languages

The graph £(w) is compatible with < and <p if for awbd, cwd € £, one has

a<pc - b<pd.

Example (Fibonacci, 1 <, 0 and 0 <y 1)

&(e) £(0) &)

O—0O O—O O—O
F—0O O—X

A
o)
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Ordered dendric languages

Example (Tribonacci, 1 : 0 01, 1+ 02, 2 - 0)

The Tribonacci language is not ordered dendric.

&(e) £(0)

£(010)
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Ordered dendric languages

Example (Tribonacci, 1 : 0 01, 1+ 02, 2 - 0)

The Tribonacci language is not ordered dendric.
E(e) £(0) £(010)

5(6) - E(e) S (5 €(€)® - 5(6)@ - 5(6)@ E 5(8)@
< S

D R AN OIONNOJOL =0 YONNO,
ogholooomolo =cYomholo =0
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Ordered dendric languages

Example (Tribonacci, 1 : 0 01, 1+ 02, 2 - 0)

The Tribonacci language is not ordered dendric.
E(e) £(0) £(010)

s 0< 2<, 1 = 1<p2<pr0 of 2<p1<p0

&(e) (€) &(e) () &le) &(e)
O ( g OXC ® (@ @ ( @)
SS<2 SS<2 - S
D @K =OXONNG, =OJONNG
U,00 VO ©uUo—00u ©WO—U
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Ordered dendric languages

Example (Tribonacci, 1 : 0 01, 1+ 02, 2 - 0)

The Tribonacci language is not ordered dendric.
E(e) £(0) £(010)

® 0<,2<, 1 = 1<p2<p0 o 2<zp1<Rp0
&(0) £(0)
570 =0
L
—
& O, O ©
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Ordered dendric languages

Example (Tribonacci, 1 : 0 01, 1+ 02, 2 - 0)

The Tribonacci language is not ordered dendric.
E(e) £(0) £(010)

e 0<,2<, 1 = 1<p2<p0
£(0) £(0)
7 o=
L
e
@ g © @ - (©
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Ordered dendric languages

Example (Tribonacci, 1 : 0 01, 1+ 02, 2 - 0)

The Tribonacci language is not ordered dendric
&(e)

=S

e 0<,2<, 1 1<p2<p0

£(010)

— ~~
Sy

5(010)
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Ordered dendric languages

Example (Tribonacci, 1 : 0 01, 1+ 02, 2 - 0)

The Tribonacci language is not ordered dendric.

£() £(0)
() ) @
@ @)
@ @

¢

(D
(2 (2)
(0)
1
£(010)

£(010)

*0<;2<, —
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Ordered dendric languages

Theorem [Ferenczi, Zamboni (2008)]

L is a regular interval exchange language iff it is a recurrent ordered dendric language.

®
&)
O
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From letters to words

Given a IET T and a word w = aga, - a,, € A*, let

I,=1, NT "I, )N--NnT"™(, )
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From letters to words

Given a IET T and a word w = aga, - a,, € A*, let

I,=1, NT "I, )N--NnT"™(, )
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From letters to words

Given a IET T and a word w = ayaq - a,, € A*, let

I,=1, NT "I, )N--NnT"™(I

)

Am

Proposition

® If T is minimal, then w € £(T') < |I,,| # 0.
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From letters to words

Given a IET T and a word w = ayaq - a,, € A*, let

I,=1, NT "I, )N--NnT"™(I

)

Am

Proposition

® If T is minimal, then w € £(T') < |I,,| # 0.

e [, <I,ifand only if u <z v and w is not a prefix of v.
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Return words

R(u)={we A |wu e (LNuA)\ A uAt}

010

010.010 01.010 1

O @ O

R(010) = {010, 01}
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Switching Trick
EN2hny

qing ai (IBE) - aiqing (E1H)

ming tian (BAX) -  tian ming (KBA)
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Switching Trick
Bait

qing ai (IBE) - aiqing (E1H)

ming tian (BAX) -  tian ming (XER)

Two words uv and vu are conjugates.

[w] = {w =uv|w=vu}

e :
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Burrows-Wheeler Transform

Let (A, <) be an ordered alphabet and w € A*.

DoLcE Francesco (11383%)
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Burrows-Wheeler Transform
Let (A, <) be an ordered alphabet and w € A*.

b a
a

BB B
Moo
BB B BB

PP
oo o oo
oo
BB B
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Burrows-Wheeler Transform

Let (A, <) be an ordered alphabet and w € A*.

DoLcE Francesco (11383%)

BB oM
Mo BB O
B oBe e
Moo B OB
oB B E
Mo oB B
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Burrows-Wheeler Transform

Let (A, <) be an ordered alphabet and w € A*.

DoLcE Francesco (11383%)

BB oM
Mo BB O
B oBe e
Moo B OB
oB B E
Moo o BB

bwt , (banana) = nnbaaa
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Burrows-Wheeler Transform .

Let (A, <) be an ordered alphabet and w € A*.

BB oM
Mo BB O
B oBe e
Moo B OB
oB B E
Moo o BB

bwt , (banana) = nnbaaa

Proposition

w is a conjugate of w? if and only if bwt, (u) = b, --b,, and bwt , (w) = by - bE.

n

bwt , (madn) = mna bwt , (mdnman) = mmnnaa

CTU
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Clustering words

A word w € A* is w-clustering for A if bwt , (w) = aién aif’d), where k, = |w|aw(i>.

it
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Clustering words

A word w € A* is w-clustering for A if bwt , (w) = af}én aifd), where k, = |w|aw(i).

It is perfectly clustering if 7 is the symmetric permutation (i) =d — ¢ + 1.
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Clustering words

A word w € A* is w-clustering for A if bwt , (w) = a:}n aif’d), where k; = |w|aw(i).

It is perfectly clustering if 7 is the symmetric permutation (i) =d — ¢ + 1.

A={a<b<n} A’ ={a<n<b} A” ={n<a<b}

bwt , (banana) = nnbaaa bwt , (banana) = bnnaaa bwt ,» (banana) = aabnna

P b n =" b not clusterin
“\n b a " \b n a &
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Clustering words

Proposition

Let w = u? € A*. Then w is w-clustering for A if and only if w is w-clustering for A.

CTU
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Clustering words

Proposition

Let w = u? € A*. Then w is w-clustering for A if and only if w is w-clustering for A.

Theorem [Mantaci, Restivo, Sciortino (2003)]

Over a binary alphabet (perfectly) clustering words are exactly powers of Christoffel words
(i-e., finite standard Sturmian words) and their conjugates.
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Clustering words

Proposition

Let w = u? € A*. Then w is w-clustering for A if and only if w is w-clustering for A.

Theorem [Mantaci, Restivo, Sciortino (2003)]

Over a binary alphabet (perfectly) clustering words are exactly powers of Christoffel words
(i-e., finite standard Sturmian words) and their conjugates.

And over larger alphabets?

5 ., ||[CTU
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Clustering words and IETs

Theorem [Ferenczi, Zamboni (2013)]

w is m-clustering iff ww occurs in the trajectory of a IET with permutation .
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Clustering words and IETs

Theorem [Ferenczi, Zamboni (2013)]

w is m-clustering iff ww occurs in the trajectory of a IET with permutation .

Question [Lapointe (2021)]

Are return words of a symmetric |IET perfectly clustering words?
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Clustering words and IETs

Theorem [Ferenczi, Zamboni (2013)]

w is m-clustering iff ww occurs in the trajectory of a IET with permutation .

Question [Lapointe (2021)]

Are return words of a symmetric |IET perfectly clustering words?

Theorem [D., Hughes (2025)]

Let T be regular IET. Return words in £(T") are clustering.
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Clustering words and IETs

Theorem [Ferenczi, Zamboni (2013)]

w is m-clustering iff ww occurs in the trajectory of a IET with permutation .

Question [Lapointe (2021)]

Are return words of a symmetric |IET perfectly clustering words?

Theorem [D., Hughes (2025)]

Let T be regular IET. Return words in £(T") are clustering.

Theorem [D., Hughes (2025+)]

Let T be a IET with permutation 7. Return words in £(T') are m-clustering.
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