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Všechno, co jste kdy chtěli vědět o BWTu*
(*ale báli jste se zeptat)

Francesco Dolce

Janov nad Nisou, 31 května 2025
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Slunce, seno, konjugáty
nose – seno

duha – hadu

Karle – lekar

Francesco Dolce BWT, Lyndon, a tak dále TIGR CoW 2025 2 / 17
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Slunce, seno, konjugáty

nose – seno

duha – hadu

Karle – lekar

Dvě slova uv a vu jsou sdružená.

[w] = {w ′
= uv ∣w = vu}
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Lásky jedné transformace
Burrowsova-Wheelerova transformace

Nechť A = {a1 < a2 < ⋯ < ad} a w ∈ A
∗.

b a n a n a

a n a n a b
n a n a b a

a n a b a n
n a b a n a

a b a n a n

BWTA (banana) = nnbaaa
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Lásky jedné transformace
Burrowsova-Wheelerova transformace

Nechť A = {a1 < a2 < ⋯ < ad} a w ∈ A
∗.

a1 b a n a n1

a2 n a b a n2

a3 n a n a b1

b1 a n a n a1

n1 a b a n a2

n2 a n a b a3

BWTA (banana) = nnbaaa

Tvrzeńı

Výskyty stejného ṕısmene se objevuj́ı ve stejném pǒrad́ı v prvńım a posledńım sloupci.
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Lásky jedné transformace
Burrowsova-Wheelerova transformace

Nechť A = {a1 < a2 < ⋯ < ad} a w ∈ A
∗.

a b a n a n
a n a b a n
a n a n a b
b a n a n a
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BWTA (banana) = nnbaaa

BWT−1
A (nnbaaa) = [banana] = [abanan]
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Pro hrst dolar̊u

Nechť $ je takový, že a < $ pro každé a ∈ A.

a n a n a $ b
a n a $ b a n
a $ b a n a n
b a n a n a $
n a n a $ b a
n a $ b a n a
$ b a n a n a

BWTA (banana$) = bnn$aaa
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Ostře sledované BWT

Tvrzeńı

[u] = [v] tehdy a jen tehdy, když BWTA (u) = BWTA (v)

Tvrzeńı

[w] = [up
] tehdy a jen tehdy, když BWTA (u) = b1⋯bn a BWTA (w) = bp

1⋯bp
n .

BWTA (bon) = nob BWTA (bonbon) = nnoobb

Tvrzeńı

BWTA (⋅) je prostým zobrazeńı z množiny Lyndonových slov do A∗.
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D
ra

ft
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Lyndonádový Joe

Slovo w je Lyndonovo, pokud je primitivńı a nejmenš́ı v [w].

Definice [Lyndon (1954), Ширшов (1953)]

w ∈ A
+ je Lyndonovo slovo (or правильное слово), pokud pro každé p, s ∈ A+ tak, že

w = ps, je splněna jedna z následuj́ıćıch ťŕı ekvivalentńıch podḿınek:

1. w < sp,

2. w < s,

3. p < s.

Př́ıklad

✓ a,b,ab,aab,aabab,ananas 8 abab,ba,banana,kolaloka
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S tebou mě bav́ı věta

Věta [Chen-Fox-Lyndon (1958)]

Každé slovo w lze jednoznačně zapsat jako

w = `1`2⋯`m

tak, že každé `i je Lyndonovo a `1 ≥ `2 ≥ ⋯ ≥ `m.

banana = b ⋅ an ⋅ an ⋅ a

ananas = ananas
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Návrat do BWT

BWT−1
A (babbaaa) =?

a

1

a2 b1

b

1

a

2

b1

a

1

a

3

b2

b

2

a

4

b3

b

3

b

1

a1

a

2

b

2

a3

a

3

b

3

a4

a

4

Ne každé slovo má inverzńı BWT!
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Tři transformace pro Popelku
BWT, eBWT, bBWT

Nechť W je multimnožina {aab,ab,ab} Lyndonových slov nad {a <ω b}.

a a b a a b ⋯

a b a a b a ⋯

a b a b a b ⋯

a b a b a b ⋯

b a a b a a ⋯

b a b a b a ⋯

b a b a b a ⋯

eBWTA (W ) = babbaaa

Věta [Mantaci, Restivo, Rosone, Sciortino (2007)]

eBWTA (⋅) je bijekce mezi množinou multimnožin Lyndonových slov a A∗.
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Tři transformace pro Popelku
BWT, eBWT, bBWT

Tvrzeńı [Mantaci, Restivo, Rosone, Sciortino (2007)]

Nechť W je multimnožina primitivńıch slov.
Pro každé w ∈W je BWTA (w) podposloupnost́ı eBWTA (W ).

BWTA (aab) = baa eBWTA ({aab,ab,ab}) = babbaaa

Francesco Dolce BWT, Lyndon, a tak dále TIGR CoW 2025 10 / 17



D
ra

ft

Tři transformace pro Popelku
BWT, eBWT, bBWT

Definice [Gil, Scott (2012)]

Bijektivńı BWT slova w je

bBWTA (w) = eBWTA (L(w)) ,

kde L(w) je multimnožina Lyndonových slov Lyndonovy faktorizace w .

L(banana) = {b,an,an,a}

a a a a ⋯

a n a n ⋯

a n a n ⋯

b b b b ⋯

n a n a ⋯

n a n a ⋯

bBWTA (banana) = eBWTA ({b,an,an,a}) = annbaa ≠ nnbaaa = BWTA (banana)

Francesco Dolce BWT, Lyndon, a tak dále TIGR CoW 2025 11 / 17
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bBWTA (banana) = eBWTA ({b,an,an,a}) = annbaa ≠ nnbaaa = BWTA (banana)
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Tři transformace pro Popelku
BWT, eBWT, bBWT

Tvrzeńı [Gil, Scott (2012)]

bBWTA (⋅) je bijekce na A∗.

Tvrzeńı [Biagi, Cenzato, Lipták, Romana (2025)]

bBWTA (w) = BWTA (w) tehdy a jen tehdy, když w je mocnina Lyndonova slova.
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Shlukuj́ı se, má panenko

Slovo w ∈ A
∗ je π-shlukové pro A, pokud BWTA (w) = ak1

π(1)⋯akd
π(d), kde ki = ∣w ∣aπ(i) .

w je dokonale shlukové, pokud π je symetrická permutace: π(i) = d − i + 1.

A = {a < b < n}, A
′
= {a < n < b}, A

′′
= {n < a < b}

BWTA (banana) = nnbaaa, BWTA′ (banana) = bnnaaa, BWTA′′ (banana) = aabnna
π = (n b a) π′ = (b n a) ne shlukové
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Vesničko má shlukovaćı

Tvrzeńı

w = up
∈ A

∗ je π-shlukové pro A tehdy a jen tehdy, když u je π-shlukové pro A.

Věta [Mantaci, Restivo, Sciortino (2003)]

Nad binárńı abecedou jsou (dokonale) shluková slova p̌resně mocniny Christoffelových
slov (tj. konečných standardńıch sturmovských slov) a slov s nimi sdružených.

A nad věťśımi abecedami?
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A nad věťśımi abecedami?

Francesco Dolce BWT, Lyndon, a tak dále TIGR CoW 2025 14 / 17
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Věta [Mantaci, Restivo, Sciortino (2003)]
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A nad věťśımi abecedami?

Francesco Dolce BWT, Lyndon, a tak dále TIGR CoW 2025 14 / 17
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Vrchńı, palindromy!

Věta [Lapointe, Reutenauer (2024)]

Nechť w ∈ A
∗ je primitivńı slovo. Následuj́ıćı jsou ekvivalentńı:

● w je Lyndonovo dokonale shlukové

● {
w = a1p1a2p2⋯pk−1ak , pi = p̃i (speciálńı faktorizace)
w = q1q2, qj = q̃j

● {
w = a1p1a2p2⋯pk−1ak
[w] = [akpk−1⋯a2p1a1]

BWTA (ananas) = n2s1a3 a ⋅ ε ⋅ n ⋅ ana ⋅ s
anana ⋅ s

[ananas] = [sanana]
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Až přijde IET

a b a n a n
a n a b a n
a n a n a b
b a n a n a
n a b a n a
n a n a b a

a a a b n n

n n b a a a

Věta [Ferenczi, Zamboni (2013)]

Nechť w ∈ A
∗ je primitivńı slovo a Kard (A) = d . Následuj́ıćı jsou ekvivalentńı:

1. w je π-shlukové;

2. ww se vyskytuje v trajektorii minimálńıho d-DIET s permutaćı π;

3. ww se vyskytuje v trajektorii d-DIET s permutaćı π;

4. ww se vyskytuje v trajektorii d-IET s permutaćı π.

Stay tuned for the next talk!
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