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Interval exchange transformations

Let (A, <) be an ordered set and let (/,),ca be an ordered
partition of [/, r].
A interval exchange transformation is a function T : [¢, r[— [(, r[

defined by
T(z)=z+a, ifzel,

(] @) @
Tow) o T(ve) = T(w)  Fa
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Regular interval exchange transformations

T is said to be minimal if for any z € [¢, r[ the orbit
O(z) ={T"(z)|n € Z} is dense in [(, r].
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Regular interval exchange transformations

T is said to be minimal if for any z € [¢, r[ the orbit
O(z) ={T"(z)|n € Z} is dense in [(, r].

T is said regular if the orbits of the separation points # ¢ are
infinite and disjoint.

Theorem [Keane, 1975]
A regular interval exchange transformation is minimal.
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Regular interval exchange transformations

T is said to be minimal if for any z € [¢, r[ the orbit
O(z) ={T"(z)|n € Z} is dense in [(, r].

T is said regular if the orbits of the separation points # ¢ are
infinite and disjoint.

Theorem [Keane, 1975]

A regular interval exchange transformation is minimal.
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Regular interval exchange transformations

Proposition

Let T be a regular s-interval exchange transformation. Then T" is
a regular n(s — 1) + l-interval exchange transformation.
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Regular interval exchange transformations

Proposition

Let T be a regular s-interval exchange transformation. Then T" is
a regular n(s — 1) + l-interval exchange transformation.

0 /a 1—04 Ib 1
° e O
T< Jp = T(Ip) « Jo=T(1,)
<o ; ® ; n O
T T4(1 T<(/ 2 T
. L () 2 TL)
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Regular interval exchange transformations

Proposition

Let T be a regular s-interval exchange transformation. Then T" is
a regular n(s — 1) + l-interval exchange transformation.
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Admissible semi-intervals

Let T be an interval exchange transformation on the semi-interval
[, r[.

For ¢ < t < r, the semi-interval [(, t[ is right-admissible for T if
there isa k € Z s.t. t = TK(v,) for some a € A and :

(i) if k>0, then t < T"(v,) for all 0 < h < k,
(ii) if k <0, then t < Th(~,) for all k < h <0,
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Admissible semi-intervals

Let T be an interval exchange transformation on the semi-interval
[, r[.

For ¢ < t < r, the semi-interval [(, t[ is right-admissible for T if
there isa k € Z s.t. t = TK(v,) for some a € A and :

(i) if k>0, then t < T"(v,) for all 0 < h < k,
(ii) if k <0, then t < Th(~,) for all k < h <0,
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Admissible semi-intervals

Let T be an interval exchange transformation on the semi-interval
[, r[.

For ¢ < t < r, the semi-interval [(, t[ is right-admissible for T if
there isa k € Z s.t. t = TK(v,) for some a € A and :

(i) if k>0, then t < T"(v,) for all 0 < h < k,
(ii) if k <0, then t < Th(~,) for all k < h <0,
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Admissible semi-intervals

Let T be an interval exchange transformation on the semi-interval
[, r[.

For ¢ < t < r, the semi-interval [(, t[ is right-admissible for T if
there isa k € Z s.t. t = TK(v,) for some a € A and :

(i) if k>0, then t < T"(v,) for all 0 < h < k,
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Admissible semi-intervals

Let T be an interval exchange transformation on the semi-interval
[, r[.

For ¢ < t < r, the semi-interval [(, t[ is right-admissible for T if
there isa k € Z s.t. t = TK(v,) for some a € A and :
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Induced transformations

Let T be a minimal interval exchange transformation and / C [/, r].
The transformation induced by T on I is the transformation
S : | — | defined by

S(z)=T"(z)  with n=min{k >0|Tk(z) eI}

The semi-interval / is called the domain of S, denoted D(S).
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Induced transformations

Let T be a minimal interval exchange transformation and / C [, r[.
The transformation induced by T on I is the transformation
S : | — | defined by

S(z)=T"(z)  with n=min{k >0|Tk(z) eI}

The semi-interval / is called the domain of S, denoted D(S).

Theorem [Rauzy, 1979]

Let T be a regular interval exchange transformation and / a right-
admissible interval for T. The induced transformation is a regular
interval exchange transformation.
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Induced transformations

0 1—-2« l—a :
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Right Rauzy induction

Let T be a regular interval exchange transformation on [/, r[. Set
Z(T)=1¢, mgx{’ya, T(7a)}-

We denote by (T) the transformation induced by T on Z(T).
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Right Rauzy induction

Let T be a regular interval exchange transformation on [/, r[. Set
Z(T) = [t.max{r,. T(a)}]

We denote by ¢(T) the transformation induced by T on Z(T).

Theorem [Rauzy, 1979]

Let T be a regular interval exchange transformation.

A semi-interval [ is right-admissible for T <= | = Z(y)"(T)) for
some n > 0.

In this case, the transformation induced by T on / is ¢)"**(T).

The map T — ¢(T) is called the right Rauzy induction.
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Right Rauzy induction

0 1 -2« 11—« 1
@ 3 O 5 O = O
(, 2 2 :
b CT) ]
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Left Rauzy induction

The symmetrical notions of left admissible semi-interval and left
Rauzy induction, denoted ¢, are defined similary.

T a b b C
a 20
@ 5 O ra @ £ @)
1-2a 240 1-a 1
; O O 5 O = O
o . .
O 5 O ra O 3 @)
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Two-sided Rauzy induction

Let T be a regular interval exchange transformation. For
¢ < u < v < r we say that the semi-interval | = [u, v[ is admissible

for T if u,v € Div(/, T) U r with

Div(/, T) = {Tk(%) | =P (a) Sk < P+('Ya)}

a

p (z)=min{n>0| T"(z) €]u, v[}, p (z)=min{n>0| T "(2) €]u,v[}.
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Two-sided Rauzy induction

Let T be a regular interval exchange transformation. For
¢ < u < v <r we say that the semi-interval | = [u, v[ is admissible
for T if u,v € Div(/, T) U r with

Div(, T) = J {T*(a) | =07 () < k< 5" (7)}

p (z)=min{n>0| T"(z) €]u, v[}, p (z)=min{n>0| T "(2) €]u,v[}.

Theorem [BDDPRR (i.e. us), 2013]

The transformation induced by T on [ is a regular interval exchange transfor-
mation.

Theorem [BDDPRR (i.e. us), 2013]

I is admissible for T <= if | is the domain of a x € {p,¢}".
In this case, the transformation induced by T on [ is x(T).
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Two-sided Rauzy induction

T< a o b 2aC
@ 5 O . 3 O
T(7e) T(va)
2 1 -2« 1;(1 Ci>2oz
1/)(7_)( ? ab 401 ‘
[ 5 O ra @ 3 O
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o Interval exchange transformations
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o Natural coding
o Regular interval exchange sets
o Return theorem
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Natural Coding

Let T be an interval exchange transformation relative to (/5).ca.
The natural coding of T relative to z € [/, r[ is the infinite word
Y 1(z) = agay - - - € A¥ defined by

apn=a si T"(z) € l,.
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Natural Coding

Let T be an interval exchange transformation relative to (/5).ca.
The natural coding of T relative to z € [/, r[ is the infinite word
Y 1(z) = agay - - - € A¥ defined by

apn=a si T"(z) € l,.

Example

The Fibonacci word is the natural coding of the rotation of angle
a = (3 — v/5)/2 relative to the point o, i.e. T(z) =z + a mod 1.

@ @ O
T< I Iy
(] { O
Jb Ja
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Natural Coding

Let T be an interval exchange transformation relative to (/5).ca.
The natural coding of T relative to z € [/, r[ is the infinite word
Y 1(z) = agay - - - € A¥ defined by

apn=a si T"(z) € l,.

Example

The Fibonacci word is the natural coding of the rotation of angle
o = (3 —1/5)/2 relative to the point a, i.e. T(z) =z + a mod 1.
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Natural Coding

Let T be an interval exchange transformation relative to (/5).ca.
The natural coding of T relative to z € [/, r[ is the infinite word
Y 1(z) = agay - - - € A¥ defined by

apn=a si T"(z) € l,.

Example
The Fibonacci word is the natural coding of the rotation of angle
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Natural Coding

Let T be an interval exchange transformation relative to (/5).ca.
The natural coding of T relative to z € [/, r[ is the infinite word
Y 1(z) = agay - - - € A¥ defined by

apn=a si T"(z) € l,.

Example
The Fibonacci word is the natural coding of the rotation of angle
o = (3 —1/5)/2 relative to the point a, i.e. T(z) =z + a mod 1.
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Regular interval exchange sets

Proposition

If T is minimal, £(X7(z)) does not depend on z.

When T is regular (minimal), £(T) = £L(X7(z)) is said a regular
(minimal) interval exchange set (linear complexity, neutrality, tree
set!, finite index basis, etc.).

1. See Valérie Berthé’s talk next week.
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Regular interval exchange sets

Proposition

If T is minimal, £(X7(z)) does not depend on z.

When T is regular (minimal), £(T) = £L(X7(z)) is said a regular
(minimal) interval exchange set (linear complexity, neutrality, tree

set!, finite index basis, etc.).

Proposition
If T is minimal, w € L(T) <= J,, #0.

Proposition

If T is regular, J,, is admissible for every w € L(T).

1. See Valérie Berthé’s talk next week.
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Return Theorem

The set of right return words to a word w (w.r.t. £(T)) is

FL(T) = {U S E(T) | wu € AT ﬂﬁ(T)}

while the set of first right return words is

Rery =Ty \Te(mA™

Theorem [BDDPRR (i.e. us), 2013]

Let T be a regular interval exchange transformation on A. For any

w € L(T), the set of first right return words to w is a basis of the
free group on A.
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Return Theorem

0 1—« 1
® | @ / O
T< o ’ % 0 o The set of first right return
| Ib j Ja words to a is
bis b
e Re(ry(a) = {a, ba}
X « 11—« 1
i A O X = abaababaabaababaab - - -

, ¥ a © And we can find it via the
automorphism

a — a
9'{b»—>ba
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Return Theorem

0 l—«o 1
{ @ O
T( s o f Ip The set of first right return
y ® I 1 J, O words to b is
b ab | Re(ry(b) = {aab, ab}
\ 2 1 _.QO‘ ol - x = abaababaabaababaab - - -
Wy 2 b o
® ° o And we can find it via the
/ b . @ automorphism
ta%ab gl 3~ ab +— aab
L0 1-2a « "\ b —» b +— ab
o b ¢
VX (T)( 3d—1b
¢ b & ©
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RAUZY INDUCTION

Conclusions

e Two-sided version of :

e admissible semi-i
e Rauzy induction,

ntervals,

e two Rauzy’s theorems;

e Regular interval exchange set;

e Return theorem.
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