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Cellular automata

Definition

A (1-dimensional) cellular automaton is given by an alphabet A, a map T : AZ → AZ

and a local rule τ : A2r+1 → A (r is the radius).

Elements of AZ are called configurations.
A configuration x = (xk)k is finite if {k : xk 6= 0} is finite.

T

Francesco Dolce Episturmian words in Cellular Automata Nice, 5 septembre 2024 2 / 15



D
ra
ft

Cellular automata

Definition

A (1-dimensional) cellular automaton is given by an alphabet A, a map T : AZ → AZ

and a local rule τ : A2r+1 → A (r is the radius).

Elements of AZ are called configurations.
A configuration x = (xk)k is finite if {k : xk 6= 0} is finite.

T

Francesco Dolce Episturmian words in Cellular Automata Nice, 5 septembre 2024 2 / 15



D
ra
ft

Cellular automata

Definition

A (1-dimensional) cellular automaton is given by an alphabet A, a map T : AZ → AZ

and a local rule τ : A2r+1 → A (r is the radius).

Elements of AZ are called configurations.
A configuration x = (xk)k is finite if {k : xk 6= 0} is finite.

T

Francesco Dolce Episturmian words in Cellular Automata Nice, 5 septembre 2024 2 / 15



D
ra
ft

Cellular automata

Definition

A (1-dimensional) cellular automaton is given by an alphabet A, a map T : AZ → AZ

and a local rule τ : A2r+1 → A (r is the radius).

Elements of AZ are called configurations.
A configuration x = (xk)k is finite if {k : xk 6= 0} is finite.

T

Francesco Dolce Episturmian words in Cellular Automata Nice, 5 septembre 2024 2 / 15



D
ra
ft

Cellular automata

Definition

A (1-dimensional) cellular automaton is given by an alphabet A, a map T : AZ → AZ

and a local rule τ : A2r+1 → A (r is the radius).

Elements of AZ are called configurations.
A configuration x = (xk)k is finite if {k : xk 6= 0} is finite.

T

Francesco Dolce Episturmian words in Cellular Automata Nice, 5 septembre 2024 2 / 15



D
ra
ft

Cellular automata

Definition

A (1-dimensional) cellular automaton is given by an alphabet A, a map T : AZ → AZ

and a local rule τ : A2r+1 → A (r is the radius).

Elements of AZ are called configurations.
A configuration x = (xk)k is finite if {k : xk 6= 0} is finite.

T

Francesco Dolce Episturmian words in Cellular Automata Nice, 5 septembre 2024 2 / 15



D
ra
ft

Cellular automata

Definition

A (1-dimensional) cellular automaton is given by an alphabet A, a map T : AZ → AZ

and a local rule τ : A2r+1 → A (r is the radius).
Elements of AZ are called configurations.
A configuration x = (xk)k is finite if {k : xk 6= 0} is finite.

T

Francesco Dolce Episturmian words in Cellular Automata Nice, 5 septembre 2024 2 / 15



D
ra
ft

Column representation

x

T ,

Francesco Dolce Episturmian words in Cellular Automata Nice, 5 septembre 2024 3 / 15



D
ra
ft

Column representation

x

T ,

Francesco Dolce Episturmian words in Cellular Automata Nice, 5 septembre 2024 3 / 15



D
ra
ft

Column representation

Question : Which infinite sequence can be represented using a finite number of states
on a column of a CA ?

Formally, given

S =
{

(T n(x)0) n ≥ 0 ∈ AN : T is a 0-quiescent CA on AZand x is finite
}

determine whether w ∈ S (and if possible construct the CA).

A cellular automaton T is 0-quiescent if T (0Z) = · · · 000 · · · .
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Signals

The slope of a signal is the ratio t′−t
`′−`

.
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Walls

`

t
t + 1

`

t

Francesco Dolce Episturmian words in Cellular Automata Nice, 5 septembre 2024 6 / 15



D
ra
ft

Column representations

• Primes [Fisher (1965), 30.000+ states, Korec (1997), 11 states]

• 2n, 3n
[Mazoyer, Terrier (1999)]

• Squares [Poupet, Sablik, Theyssier (2011)]

• Sum of squares [Marcovici, Stoll, Tahay (2018)]

• Sturmians with quadratic slope [D., Tahay (2022)]

• Episturmians, fixed points of a morphism [D., Tahay (2024+)]
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Sturmians : an example
Fibonacci
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Sturmians : which prefixes ?

Theorem

The unique characteristic Sturmian word with slope and intercept α is lim
n→∞

vn, where

v−1 = 1, v0 = 0 and vn = vdn
n−1vn−2 for every n ≥ 1

with α = [0, d1 + 1, d2, d3, . . .] = (d1 + 1) +
1

d2 + 1

d3+
. . .

.
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Episturmians and epistandards
Definition

An infinite word w is (strict) episturmian if its set of factors is closed under reversal and
it has exactly one right special factor for each length.

It is standard episturmian (or epistandard) if there exists an infinite word ∆ = a1a2 · · · ,
called directive sequence, s.t. w = lim

n→∞
un, with

u1 = ε, un+1 = (unan)(+)

where u(+) is the shortest palindrome having u as a prefix.

• The Tribonacci word t = 0102010010201010201 · · · has directive sequence
∆ = (012)ω = 012012012 · · · .

u0 = ε

u1 = (ε0)(+) = 0

u2 = (01)(+) = 010

u3 = (0102)(+) = 0102010

u4 = (01020100)(+) = 01020100102010

. . .
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More on directive sequences
• The d-bonacci word has directive sequence ∆ = (01 · · · (d− 1))ω.

Let us consider ∆ in its multiplicative form : ∆ = ae11 ae22 · · · , whith ai 6= ai+1 and ei > 0.

For each n let us define σn = ψe1
a1ψ

e2
a2 · · ·ψ

en
an and wn = σn(an+1) where

ψa :

{
a 7→ a
b 7→ ab for b 6= a

.

It’s easy to see that ψm
a : a 7→ a, b 7→ amb

• For Tribonacci, where ∆ = (011121)ω, we have

w0 = σ0(a1) = id(0) = 0

w1 = σ1(a2) = ψ1
0(1) = 01

w2 = σ2(a3) = ψ1
0ψ

1
1(2) = ψ0(12) = 0102

w3 = σ3(aa) = ψ1
0ψ

1
1ψ

1
2(0) = ψ0ψ1(20) = ψ0(1210) = 0102010

Note : un = wn−2wn−3 · · ·w0
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The Last of runs

Let `(k) be the last occurrence in ∆ of the run of ak+1 before the k-th run.

Remark : `(·) is defined only starting from the second occurrence of a letter.

• For Tribonacci, ∆ = (011121)ω, then `(k) is equal to `(k) = k − 3 for every k ≥ 3

• If ∆ = 011203140516 · · · , then `(k) = k − 2 for every k ≥ 2.

• If ∆ = (02110322)ω, then `(2k) = k − 4 and `(2k + 1) = k − 2, when defined.
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Characterizing these prefixes

Proposition [Peltomäki (2024)]

Let w be an epistandard word with directive sequence ∆ = ae11 ae22 · · · . Then

• wk =
(

Πk
i=1w

ek−i+1

k−i

)
ak+1 if ak+1 is not a factor of wk−1,

• wk =
(

Π
k−`(k)−1
i=1 w

ek−i+1

k−i

)
w`(k) otherwise.

• For Tribonacci, ∆ = (011121)ω, we have : w0 = 0, w1 = 01 · 1, w2 = (01)1 · 01 · 2,
and wn = w 1

n−1w
1
n−2wn−3 for n > 3.

• For ∆ = 011203140516 · · · :
w0 = a1 = 0,
w1 = w 1

0 a2 = 0 · 1,
w2 = w 2

1w0 = 01 01 · 0,
w3 = w 3

2w1

= 01010 01010 01010 · 01,
· · ·

• For ∆ = (02110322)ω :
w0 = a1 = 0,
w1 = w 2

0 a2 = 0 0 · 1,
w2 = w 1

1w0 = 001 · 0,
w3 = w 3

2w
1
1w

2
0 a4

= 0010 0010 0010 · 001 · 0 0 · 2
· · ·
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So, when can we construct the CA ?

Theorem [Droubay, Justin, Pirillo (2001)]

A strict epistandard word has a periodic directive sequence if and only it is the fixed point
of a morphism.

Theorem

A strict epistandard word that is a fixed point of a morphism can be represented as a
column in the space-time diagram of a one-dimensional CA.
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Merci
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